This paper proposed a robust autopilot design for air to air guided missile and a Hardware-in-the-Loop (HIL) 
T
Mixed-sensitivity cost function
Introduction
The great developments in mathematics and computational capabilities facilitate the design and implementation of control. In addition, the huge developments in nanotechnology and its availability in civilian applications with less cost, size and weight attract many of researchers all over the world towards embedded systems, especially the embedded flight control. Among the real applications are the guided missiles, particularly the air-to-air guided missile systems which are self-commanded towards air targets. Future homing missiles require to cope with demands for greater range and higher manoeuvrability which can be achieved by an increase in the robustness and the performance of missile autopilot. Various design techniques are used to enhance the missile autopilot performance. On the other hand, the recent advances in robust control theory [1] [2] [3] have the capability to achieve a robust performance and stability which are essential for the design of next generation of missiles autopilots. There are different benefits from using robust control design approach, such as a better flexibility in the choice of airframe geometry and more tolerance to uncertainty in the missile autopilot design.
Several researches for missile autopilot design have been reviewed, e.g. Li introduced a straightforward decoupling control method based on robust state feedback control algorithm and disturbance observer developed for the bank to turn missile autopilot design [4] . The bank to turn missile dynamic systems was divided into three sub-systems in terms of roll, yaw, and pitch. Then disturbance observer was developed for each sub-system in order to estimate both the nonlinear couplings and the external disturbances. The robust state feedback control laws were introduced to stabilize linear parts of each sub-system. Mattei [5] developed a robust nonlinear controller for a highly manoeuvrable missile. The introduced robust back-stepping controller was applied to the MIMO model in order to achieve Both Bank to Turn (BTT) and Skid to Turn (STT) manoeuvres. Liu [6] investigated the problem related to composite antidisturbance autopilot design for missile systems with multiple disturbances. For this purpose, the nonlinear disturbance is observed to estimate the disturbances. The finite time integral sliding mode control method was introduced to develop a feedback controller. Lee and Singh developed a nonlinear adaptive longitudinal autopilot to control the angle of attack of the missile in the presence of uncertainties and external disturbance [7] .
The design and analysis of an autopilot to satisfy the ever-increasing performance requirements necessitates the availability of the guided missile system model that consists of the different equations representing its spatial motion in space. These equations consist of nonlinear differential equations in addition to geometrical relations and the guidance law. The input stimuli to the model are launch conditions, target motion, and the appropriate guidance law, while the outputs are the missile flight data (velocity, acceleration, range, range rate, turning rate, etc.) during simulated scenario.
The main objective of this paper is to utilize the 6DOF and transfer functions obtained from previous work [8] for autopilot design using robust control and to evaluate its performance against different sources of uncertainty complemented with the HIL evaluation. Towards this objective, Section 2 tailors the H∞ robust control to the intended missile-system for autopilot design. The obtained autopilot is evaluated against different sources of uncertainty including non-modelled dynamics, disturbRobust Autopilot Design and Hardware-in-the-Loop Simulation for Air to Air Guided Missile 283
ances, measurement noise and nonlinearities. The nonlinearities are considered through flight path evaluation presented in Section3. Then, the final design is evaluated with HIL in Section 4. Finally, the conclusions have been drawn in Section 5.
Robust Autopilot Design and Analysis
The generalized plant P, which is defined from the inputs [u1 u2]
T to the outputs [y1 y2] T , can be expressed in terms of its state space realization as follows:
It is required to find such a stabilizing feedback control law (u2) that the norm of the closed-loop transfer function matrix (Ty1u1) is small [9, 10] , where
[ ]
The state-space model is considered so that the closed-loop transfer function matrix is the weighted mixed sensitivity as shown in Fig. 1 .
Where S, R and T are given by [11] . In practice, it is usually not necessary to obtain a true optimal controller, but it is often simpler to find a sub-optimal controller. Let us suppose that γmin is the minimum 284 A. Mohamed, G.A. El-Sheikh, A.N. Ouda and A.M. Youssef value of ǁFℓ(P,C)ǁ∞ over all possible stabilizing controllers C. Then, the H∞ suboptimal control problem is to find all stabilizing controllers so that
Where Fℓ(P,C) is the lower Linear Fractional Transformation (LFT) of P and C given that γ > γmin this problem can be solved efficiently using the algorithm of [12] , by reducing γ iteratively to yield the optimal solution [13] .
Weight Selection Methodology
The methodology of Wp and Wu calculation is considered in this section. The calculation is based on the compromising between the sensitivity and complementary sensitivity as follows:
A feedback-control system must satisfy certain performance specifications and it must tolerate model uncertainties. The feedback control system has three components: the plant, sensors to measure the plant outputs, and a controller to generate the plant's input or control signal as shown in Fig. 2 . Generally, this system has three inputs and three outputs as described in Eq. (6) .
In case of unity feedback system, the sensitivity function (S), the complementary sensitivity function (T) and the control sensitivity function (R) are defined as follows:
where L denotes the loop transfer function (L=PC) and (T=1−S). The contribution of system inputs to the actual output y(t), the tracking error e(t), and the controller / actuator signal, u(t), are described by the following matrix equation:
In view of performance requirements and the above relationships, the following conclusions can be drawn:
• Disturbance rejection: The loop gain (PC) should be large to yield small S and to minimize the effects of disturbance.
• Tracking: The loop gain (PC) should be large to yield small S and to keep tracking errors small. • Noise suppression: the loop gain should be small to yield small T and consequently to minimize the effects of noise on the system output and tracking errors.
• Actuator limits: R must be bounded to ensure that the actuating signal driving the plant does not exceed plant tolerances. In addition, the control energy should be minimal so that smaller actuators can be used. Tracking and disturbance rejection requires small sensitivity, but noise suppression requires small complementary sensitivity. However, reducing both transfer functions to zero simultaneously is not possible because these two transfer functions add up to unity (S+T=I). This conflict can be avoided by noticing that, in practice, command inputs and disturbances are low-frequency signals whereas the measurement noise is high-frequency signal. Therefore, both objectives can be met by keeping S small in the low-frequency range and T small in the high frequencies. In addition, the control-energy constraint requires keeping R small, which can be achieved by keeping
The general feature of this loop gain is that it has high gain at low frequencies (for good tracking and disturbance rejection) and low gain at high frequencies (for noise suppression).
Model Order Reduction for Robust Control
In control theory, eigenvalues define the system stability, whereas Hankel singular values define the energy of each state in the system. Keeping larger energy states of a system preserves most of its characteristics in terms of stability, frequency, and time responses. Model reduction techniques presented in this paper are based on the Hankel singular values of a system. They can achieve a reduced-order model that preserves the majority of the system characteristics. Mathematically, for given a stable statespace system (A, B, C, D) the Hankel singular values are defined as [14] :
where Pg and Qg are controllability and observability satisfying the following equations:
Robust control offers several algorithms for model approximation and order reduction which are used to control the absolute or relative approximation error based on the Hankel singular values of the system. Model reduction approaches can be put into two categories:
• Additive error method in which the reduced-order model Gred has an additive error bounded by an error criterion ǁG−Gredǁ∞.
• Multiplicative error method where the reduced-order model has a multiplicative or relative error bounded by an error criterion ǁG 
b. Multiplicative Model Reduction
Combining the Balanced Stochastic Truncation (BST) with the Relative Error bound (REM) can result in the optimal solution for robust model reduction [15] . Implements the Schur version of the BST-REM theory and yields the following "relative-error" and "multiplicative-error" bounds [9] :
One method is available to do the multiplicative error model reduction known by balanced stochastic truncation. In this method, given a state space (A, B, C, D) of a system and the desired reduced order (k), the reduced order state space model steps can be found in more details in [15] . 
Robust Controller Design a. First Robust Controller
The obtained controller has the form:
The frequency response of the obtained weighted sensitivities is shown in Figure  3a , and the closed loop response is shown in Fig. 3b . Due to high order, the model order reduction techniques [16] 
Robust 
The frequency response of the obtained weighted sensitivities is shown in Fig. 4a , and the closed loop response is shown in Fig. 4b . The reduced controllers are obtained as; Fig. 5 . This figure clarifies that the max gain variation is 3 dB at low frequency and 28 dB at high frequency. In addition, the maximum phase variation is 2.2° at low frequency and 64° at high frequency. Moreover, the point number 6 is chosen based on that it has a moderate frequency response w.r.t other than obtained frequency response from obtained set points.
Fig. 5 Bode Diagram of the airframe (θ/δp)
Also, the unmolded dynamic is conceded by choosing the point number 3 and 9 which have different TF from the one used to design the controller.
c. Non-modelled Dynamics
The designed controllers are implemented with different operating points (including 3 rd and 9 th operating points). The obtained results are shown in Fig. 6a, b and Fig. 7a , b which clarify that the controller obtained taking the 6 th operating point as a nominal transfer function is not stable against all non-modelled dynamics when using the original autopilot while it is stable against all non-modelled dynamics for the designed robust autopilot. Fig. 6b Step response of the designed autopilot 
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e. Disturbance Rejection
Applying an impulse disturbance to the fin servo output yields the control efforts shown in Fig. 9 , which clarifies that the convergence using C1 after applying a disturbance is the best compared to the other controller. Fig. 9 Disturbance response using robust controllers f. Noise Sensitivity Applying a white Gaussian noise to the tracker output yields the control effort shown in Figure 10 , which clarifies that C1 has lower infinity norm ǁωtTǁ∞ = 0.2378 than C2 ǁωtTǁ∞ = 0.5623 which has an indication of the stability of the robust controller and it is less sensitive to additive noise compared to other controllers.
Fig. 10 Control signal using robust control
The above-mentioned figures reveal that the designed robust Trial-1 has an overshoot with the step response but it is less sensitive to the applied disturbance and noise and has a successful flight path trajectory compared to the second trial.
Flight Path Evaluation
3.1 Robust Flight
The designed robust controllers are converted to differential equations inside the 6DOF model, the simulation of which yields the flight path trajectories shown in Figs From the engagement scenarios above, Tab. 1 shows the miss-distance which explains that the designed autopilot using robust controller has accepted miss-distance compared with the proportional controller. 
Tab. 1 Miss-distance
Engagement
Miss-distance [m]
Robust and Classical Flight Comparison
The flight paths obtained with both the classical and robust controllers / autopilots are shown in Fig. 15 which clarifies less demanded manoeuvre using the robust autopilot. In addition, Tab. 2 shows the comparison between the classical controller and the robust controller in view of flight variables. 
Simulation with Hardware-in-the-Loop (HIL)
The fin actuator simulation part is replaced by acquiring the hardware control section via a data acquisition card with the flight simulation model [17] as shown in Fig. 16 . The results for the HIL experiments and the pure simulation for control section interior signals waveforms are discussed in next subsections.
Applying PI Controller with HIL a. HIL Evaluation in Noise Free Environment
The difference between simulation and HIL results using PI controller is shown in Fig. 17 , which represents the fin deflection with time. The evaluation is carried out by using HIL using different engagement scenarios, some of which are tabulated in Tab. 3.
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HIL Evaluation in Presence of Noise
The effect of adding noise to simulation model is shown in Fig. 18 , which represents the effect of noise on the fin deflection signal that becomes noisy. The evaluation of the effect of this noise on the time of flight, miss distance and the normal acceleration is carried out using the HIL with different engagement scenarios as tabulated in Tab. 4. 
c. HIL Evaluation in Presence of Disturbance
The fin deflection signal after applying a disturbance is shown in Fig. 19 , where Fig.  19a shows the fin deflection signal with no feedback from (3÷3.8 s) and (6.6÷7.8 s), while Fig. 19b represents the disturbance effect that applied from (3.8÷5.4 s). The evaluation of the disturbance effect on the flight time, miss distance and the normal acceleration is carried out using the HIL with different engagement scenarios as tabulated in Tab. 5. Fig. 20 above reveals that the designed PI controller used within the HIL has different characteristics in the presence of disturbance and noise compared to pure simulation. Also, the controller has a successful flight path trajectory except the designed PI-2 has an unstable trajectory and highest miss-distance. 
Applying Robust Controller with HIL a. HIL Evaluation in Noise Free Environment
The difference between simulation and HIL results using robust controller is shown in Fig. 21 , which represents the fin deflection signal with time. The evaluation is carried out by using HIL with different engagement scenarios, some of which are tabulated in Tab. 6. 
b. HIL Evaluation in Presence of Noise
The noise effect on the simulation model is shown in Fig. 22 which represents the effect of noise on the fin deflection signal that becomes noisy. The evaluation of the effects of this noise is tabulated in Tab. 7. Fig. 24 reveals that the designed robust controller using the HIL has different characteristics in the presence of disturbance and noise compared to pure simulation. Also, the controller has a successful flight path trajectory except the designed robust Trial-2 which has an unstable trajectory and highest miss-distance. 
Tab.7 Engagement scenarios using Robust controller (noisy)
Conclusion
This work has the advance in developing a Sidewinder missile from the first generation. In addition, the main advantage of this work is the application itself which was conducted with a real missile still in the service. The flight path evaluation considering the software environment reveals that the designed robust autopilot has a successful flight path trajectory against different types of disturbance and noise, as well as it has acceptable miss-distance. Furthermore, the control effort obtained using robust controller is lower than that obtained with proportional controller. To achieve good and enhanced performance, the system modelling should be carried out via the HILS. The PI and robust controller are evaluated against the noise and disturbance within the HIL environment. The flight path evaluation has shown that the designed robust autopilot has a successful flight path trajectory in presence of disturbance and noise, with acceptable miss-distance and lower control effort than that obtained with classical controller by 25 %.
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